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Abstract: We investigate the Unruh quantum Otto heat engine with level degeneracy.
An effectively two-level system, where the ground state is non-degenerate and the excited
state is n-fold degenerate, is acting as the working substance, and the vacuum of massless
free scalar field serves as a thermal bath via the Unruh effect. We calculate the heat and
work at each step of the Unruh quantum Otto cycle and study the features of the heat
engine. The efficiency of the heat engine depends only on the excited energy values of the
two-level system, not on its level degeneracy. However, the degeneracy acts as a kind of
thermodynamic resource and helps us to extract more work than in the non-degenerate
case. The extractable work has a finite upper bound, corresponding to n→∞.
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1 Introduction
Quantum thermodynamics represents an overlapping area between two foundational physi-
cal theories developed independently, namely thermodynamics and quantum mechanics [1–
3]. Generally speaking, thermodynamics is a theory dealing with large-scale macroscopic
processes, while quantum mechanics is a fundamental theory applicable to physical systems
at the microscopic scale. The theory of quantum mechanics has achieved an unprecedented
success in the history of physics. A fundamental question on the quantum theory is whether
it is possible to derive all of the laws of thermodynamics from the established quantum
principles, making quantum thermodynamics in the limelight [4, 5].
In thermodynamics, one of the most important concept is the working mechanism of
heat engines, which are systems converting heat or thermal energy into work or vice versa.
For each heat engine, a working substance is required to absorb energy from a heat source,
and generates work while transferring heat to a colder sink, returning to the initial state at
the end. In classical thermodynamics, the heat engine can be described by a closed cycle
in the state diagram. The Pressure-Volume (P −V ) and the Temperature-Entropy (T −S)
diagrams are the primary visualization tools for the study of heat engines. Carnot cycle,
which consists of two isothermal steps and two adiabatic steps, is known to be an upper
limit on the efficiency for any classical thermodynamic engine.
However, at the microscopic scale, the quantum mechanical laws should be taken into
account for the working substances. Due to the recent advances in the technology of micro-
and nano-machines, the study of quantum heat engine has attracted much attention [6–13].
Particularly, we are interested in the following questions: whether the presence of quantum
features, such as energy discreteness and level degeneracy, can affect the properties of
thermodynamics for macroscopic objects? If so, how should the properties be modified?
In fact, such kind of problems have been explored in 1950’s [14]. Our work extends the
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results of Kieu, where a quantum heat engine was represented by a two-energy-eigenstate
system (a qubit) [15, 16]. There, a quantum Otto cycle was analyzed.
Recall that in classical thermodynamics, the Otto cycle consists of two adiabatic steps
and two isochoric steps. In quantum thermodynamics, the quantum working substance is
described by a density matrix ρ(t) evolving under a time-dependent Hamiltonian H(t); the
time evolution of the energy expectation value 〈E(t)〉 = Tr(ρ(t)H(t)) satisfies the following
relation,
∂t〈E(t)〉 = Tr(∂tρ(t)H(t)) + Tr(ρ(t)∂tH(t)). (1.1)
The first term on the right-hand side is associated with the change of the population of
ρ(t), while the second term is with the Hamiltonian H(t). We can identify the first one as
the heat transfer 〈Q〉 and the second one as the work 〈W 〉. For the quantum Otto cycle,
in each step either 〈Q〉 or 〈W 〉 vanishes.
In contrast with classical Otto cycles, It was found [15, 16] that for a qubit acting as the
working substance, it is not sufficient to have the temperature TH of the heat source just
hotter than temperature TC of the cold reservoir. There must be a minimum temperature
difference between the TH and TC , depending on the energy gaps in the qubit Hamiltonian
spectrum before and after the adiabatic expansion, denoted by ω1 and ω2. Explicitly, in
order to produce a finite amount of work, the condition TH > (ω2/ω1)TC must be satisfied.
On the other hand, the field of quantum thermodynamics involves many fundamental
questions, for example, the relationship between gravity theories and quantum field theory,
which may shed some light on quantum gravity. In particular, applying the quantum
field theory to curved space-time associated with a black hole, one finds that the quantum
theory predicts the emission of particles by the black hole [17, 18]. Similar analysis can also
be applied to an accelerating observer in the Minkowski space-time, who observes thermal
radiation from the vaccum, but an inertial observer would not. This is known as the Unruh
effect [19–21]. Even though the experimental test of the Unruh effect remains a challenge,
models of the particle radiation detectors have been developed. In 1976, Unruh introduced
a detector model consisting of a box containing a nonrelativistic particle satisfying the
Schrodinger equation [20]. The Unruh effect can be detected if the particle jumps from
the ground state to excited states. In 1979, DeWitt modified the model by replacing the
particle with a two-level point monopole, thus Unruh effect is shown as the population
change of the density matrix [22]. Nowadays we generically call this model Unruh-DeWitt
detector. See, e.g. ref. [23–29] for other proposals.
However, for a long time the study of connecting quantum thermodynamics and gravity
theories remains little explored. This situation has changed until recent years. In [30] Arias
et al. proposed that an Unruh-DeWitt detector undergoing acceleration can act as the
working substance of a heat engine. An accelerated two-level system can extract work from
the quantum field theory vacuum in a quantum thermodynamic Otto cycle. This model is
known as Unruh quantum Otto heat engine. In this set up, the vacuum of the massless free
field theory serves as a thermal bath via the Unruh effect. The two isochoric processes are
achieved by linearly coupling the qubit undergoing higher and lower acceleration with the
quantum vacuum, thus changing the population of the density matrix, while maintaining
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the energy level of the qubit, which implies vanishing work. The two adiabatic processes
correspond to the increase and decrease of the excited energy level of the qubit, while
keeping the density matrix unchanged, which implies vanishing heat. Moreover, Arias et
al. derived the conditions to have both a thermodynamic and a kinematic cycle, which
define a range of allowed accelerations for the Unruh engine. This model was extended to
quadratically coupled scalar and fermionic fields in [31].
In the present work we consider the Unruh Quantum Otto heat engine with level degen-
eracy in the excited state. Within quantum thermodynamics, models with level degeneracy
have been explored in thermal machines. It has been observed that this degeneracy may
act as a kind of thermodynamic resource, helping us to extract more work than in the
non-degenerate case [32–34]. It is natural to consider an effectively two-level system such
that while the ground state is non-degenerate, the excited state is n-fold degenerate, then
we couple it linearly to a free massless scalar field prepared in its vacuum state. During
the adiabatic steps, the two-level system undergoes an expansion/contraction of its excited
level energy, while in the isochoric steps, the system is linearly coupled to the quantum
vacuum with two different constant accelerations, making a closed Otto cycle, so that we
can investigate the consequent modifications brought by the excited level degeneracy.
2 Unruh Quantum Otto cycle
In Unruh quantum Otto cycle, the working substance is an effectively point-like two-level
system, where the ground state is non-degenerate and the excited state is n-fold degenerate.
We denote the eigenlevels of system {|e1〉, · · · , |en〉, |g〉}, which are associated with energies
{ω, · · · , ω, 0}. Hence, the Hamiltonian of the system can be written as
H = ω
n∑
k=1
|ek〉〈ek|. (2.1)
During the adiabatic steps, the energy ω changes, and we assume the quantum adiabatic
theorem is valid in these processes. The initial density matrix ρin for the system is given
as
ρin =
n∑
k=1
p
n
|ek〉〈ek|+ (1− p)|g〉〈g|. (2.2)
The four steps of the Unruh quantum Otto cycle are
• Step 1: The system moves with a constant velocity v and density matrix ρin =∑n
k=1
p
n |ek〉〈ek|+(1−p)|g〉〈g|. The excited energy value expands from ω1 to ω2. This
is a adiabatic step and the density matrix is unchanged.
• Step 2: The system is in contact with the quantum vacuum and undergoes a higher
acceleration αH from speed v to −v. The final density matrix reads ρ = ρin + δρH .
This is a isochoric step and the excited energy value ω2 is unchanged.
• Step 3: The system is isolated from the quantum vacuum and moves with a constant
velocity −v and density matrix ρ = ρin+δρH . The excited energy value reduces from
ω2 to ω1. This is a adiabatic step and the density matrix is unchanged.
– 3 –
• Step 4: The system is in contact with the quantum vacuum and undergoes a lower
acceleration αC from speed −v to v. The final density matrix reads ρ = ρin + δρH +
δρC = ρin. This is a isochoric step and the excited energy value ω1 is unchanged.
Here we give a brief discussion on the relativistic motion with constant acceleration α.
The space-time coordinates of the particle are
t =
1
α
sinh(ατ), x =
1
α
cosh(ατ), (2.3)
where τ is the proper time. The velocity of the particle is v = tanh(ατ), so we can obtain
the particle takes 2τ = 2 artanh(v)/α time to change from velocity −v to v (or vice versa)
with acceleration α.
2.1 Step 1
In step 1, the density matrix is unchanged, thus there is no heat absorbed by the system.
However, the energy expansion of the excited states from ω1 to ω2 is due to the cost of
work, which is
〈W1〉 = Tr(ρin∆H) = p (ω2 − ω1) . (2.4)
2.2 Step 2
In the step 2, we investigate the interaction between the two-level system and the free
massless scalar field [35]. The field theory is prepared in its vacuum state. Due to the
Unruh effect, when the two-level system moves with acceleration α, the quantum vacuum
will act as thermal states with temperature T = α2pi , thus changing the population of the
density matrix of the system. We denote the total Hamiltonian as
H = H0 +Hint, (2.5)
where the H0 is the sum of the two-level system Hamiltonian H and the free massless scalar
field Hamiltonian Hfield, and Hint is the interaction Hamiltonian between the system and
the field, which reads
Hint = gmϕ(χ(τ)). (2.6)
Here the g is a weak coupling constant, m is a monopole operator, and ϕ(χ(τ)) is the scalar
field evaluated on the coordinate χ(τ) = (t, x). The action of m on the ground state |g〉
takes the system into a superposition of the n-fold degenerate excited states, with equal
amplitudes 1/
√
n, while the action on the excited states takes the system into the ground
state |g〉. In matrix form, we obtain
m =
1√
n

0 · · · 0 1
...
. . .
...
...
0 · · · 0 1
1 · · · 1 0
 . (2.7)
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If we denote % to be the density matrix of the total system, we have the quantum Liouville’s
equation in the interaction picture, which reads
i
d%I(t)
dt
= [HIint, %I(t)], (2.8)
where %I(t) = U−10 (t, t0)%(t)U0(t, t0) and HIint = U
−1
0 (t, t0)HintU0(t, t0). The initial density
matrix
%I(t0) = %(t0) = %in = ρin ⊗ |0〉〈0|. (2.9)
We expand the above Liouville’s equation in terms of a Dyson series and apply the order
product operator T , then the form of %I(t) can be written as
%I(t) = %in − i
∫ t
t0
dτ
[
HIint(τ), %in
]
−1
2
∫ t
t0
dτ
∫ t
t0
dτ ′T
{[
HIint(τ),
[
HIint(τ ′), %in
]]}
+ . . . (2.10)
Since we focus on the population change of the two-level system, we can perform a partial
trace over the field degrees of freedom, saying
ρI(t) = Trfield %I(t). (2.11)
We are applying a perturbative approach in small coupling constant g, so we obtain the
final state up to second order. After some tedious calculations, we can have the final form
of the density matrix reads
ρI(t) = ρin + δρH(t) (2.12)
where
δρH(t) = δpH(t)

1/n · · · 1/n 0
...
. . .
...
...
1/n · · · 1/n 0
0 · · · 0 −1
 . (2.13)
The exact form of δp(t) is
δpH(t) = g
2
∫ t
−τ¯
dτ
∫ t
−τ¯
dτ ′
(
(1− p)e−iω2∆τ − p
n
eiω2∆τ
)
G+α (τ, τ
′), (2.14)
where ∆τ = τ − τ ′ and G+α (τ, τ ′) is the two point correlation function for free massless
scalar field.
Since this is isochoric step and the excited energy value ω2 is unchanged, there is no
cost of work by the system. However, due to the population change δρ(t) of the density
matrix, we have the heat absorbed by the system is
〈Q2〉 = Tr(δρH(t)H) = ω2δpH . (2.15)
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2.3 Step 3
In the step 3, we isolate the system from the quantum vacuum, thus the density matrix
ρ = ρin + δρH stays unchanged and there is no heat absorbed. We reduce the excited
energy value from ω2 to ω1, so the work reads
〈W3〉 = Tr((ρin + δHρ(t))∆H) = (p+ δpH) (ω1 − ω2) . (2.16)
2.4 Step 4
In the step 4, we reconsider the interaction between the two-level system and the free
massless scalar field, but now the acceleration is lower than the step 2 and the excited
energy value is ω1. The method is the just same and we can obtain the value of δpC(t). It
is worth noting that we cannot just replace the p by p+ δpH(t) in (2.14), since the initial
density matrix ρin + δρH(t) for step 4 is not diagonal matrix. Further analysis shows that
δpC(t) = g
2
∫ t
−τ¯
dτ
∫ t
−τ¯
dτ ′
(
(1− p− δpH)e−iω1∆τ − ( p
n
+ δpH) e
iω1∆τ
)
G+α (τ, τ
′). (2.17)
However, since we are only considering the terms up to second order and δpH is already of
order two, we can ignore this term safely. The δpC(t) reads
δpC(t) = g
2
∫ t
−τ¯
dτ
∫ t
−τ¯
dτ ′
(
(1− p)e−iω1∆τ − p
n
eiω1∆τ
)
G+α (τ, τ
′). (2.18)
Although this formula is similar with δpH in step 2, in order to make sure the density
matrix comes back to its initial state, we must have δpH + δpC = 0. Since we set δpH > 0,
we have δpC < 0. As before, there is no cost of work by the system, and the heat reads
〈Q4〉 = Tr(δρC(t)H) = ω1δpC . (2.19)
3 Numerical results
In the above section, we explicitly calculate the heat and work at each step of the cycle.
Furthermore, in order to to obtain a closed cycle, we require the density matrix comes back
to its initial state in step 1, satisfying δpH + δpC = 0. Since we set δpH > 0, we must have
δpC = −δpH < 0. The total mean heat absorbed by the two-level system reads
〈Q〉 = 〈Q2〉+ 〈Q4〉 = (ω2 − ω1)δpH . (3.1)
And the total work produced on the two-level system reads
〈W 〉 = 〈W1〉+ 〈W3〉 = (ω1 − ω2)δpH . (3.2)
We can check that 〈Q〉 + 〈W 〉 = 0, which satisfies the first law of thermodynamics. The
efficiency of the heat engine is defined as
η =
〈Q2〉+ 〈Q4〉
〈Q2〉 = 1−
ω1
ω2
. (3.3)
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This is our first main result, which indicates that the efficiency of the heat engine depends
only on the excited energy value of the two-level system, not on its level degeneracy.
However, this does not mean the exact value of δpH is insignificant, since δpH is
proportional to the extractable work of the heat engine. As mentioned before, the δpH is
written as
δpH(t) = g
2
∫ τH
−τH
dτ
∫ τH
−τH
dτ ′
(
(1− p)e−iω2∆τ − p
n
eiω2∆τ
)
G+αH (τ, τ
′), (3.4)
where the interaction time
2τH = 2 artanh(v)/αH , (3.5)
so that the two-level system undergoes the acceleration αH from speed v to −v. The
method to calculate δpH(t) is discussed in the appendixes of [30, 31]. Here we only present
the basic steps and results. The finite-time integral from −τH to τH can be extended to
infinite by introducing a regulator ξτH (τ), which is a smooth function that is finite for
−τH < τ < τH , while being approximately zero outside the domain. We adapt the choice
of [30], choosing
ξτH (τ) =
τ2H
τ2 + τ2H
, (3.6)
then the δpH(t) becomes
δpH(t) = g
2
∫ ∞
−∞
dτ
∫ ∞
−∞
dτ ′ξτH (τ)ξτH (τ
′)
(
(1− p)e−iω2∆τ − p
n
eiω2∆τ
)
G+αH (τ, τ
′). (3.7)
Inserting the two point correlation function G+αH (τ, τ
′) for the massless scalar field, which
reads
G+αH (τ, τ
′) =
1
4pi2
(
α
2i sinh[(αH∆τ − i)/2]
)2
= − 1
4pi2
∞∑
k=−∞
1
(∆τ − i− 2piik/αH)2 ,
(3.8)
into the δpH(t) and using the residue theorem, we can obtain
δpH = g
2
(
(1− p)J
(
− ω2
αH
, 2αHτH
)
− p
n
J
(
ω2
αH
, 2αHτH
))
, (3.9)
where
J(x, y) =
(y/2)2e−|x|y
16 sin2(y/2)
+
|x|y
8
θ(x)
+
y2e−2pi|x|
64pi2
(
φ(e−2pi|x|, 2, 1 +
y
2pi
)− φ(e−2pi|x|, 2, 1− y
2pi
)
)
+
|x|y2e−2pi|x|
32pi
(
φ(e−2pi|x|, 1, 1 +
y
2pi
)− φ(e−2pi|x|, 1, 1− y
2pi
)
)
, (3.10)
and
φ(z, s, a) =
∞∑
k=0
zk
(k + a)s
(3.11)
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Figure 1. Behavior of the δpH/g2 as function of aH ≡ ω2/αH .
is the Lerch-Hurwitz function. This result agrees with (C.16) of [31], but differs from [30]
for a factor 1/2, which is just a simple omission and does not affect the qualitative features
of δpH . There is also an extra −1/8 in [30], which was introduced to resolve τH → 0 case.
See. [31, 36] for more discussion.
Since we have obtained the exact formula of δpH , we can investigate the features of
δpH and study its relations with other coefficients by using the numerical methods. The
first thing we need to pay attention to is that δpH is obtained by the perturbation theory,
thus we require δpH  p. From the above formulas we can have δpH ∼ g2ω2τHp =
g2 ω2αH artanh(v)p. Defining
ω2
αH
≡ aH , we have
g2aH artanh(v) 1. (3.12)
It is obvious that when the other coefficients are fixed, the larger v brings larger interaction
time τH , so the absolute value |δpH | also grows larger. Without loss of generality, we set
v = 0.99, so that we can only consider the range of 0 < aH < 0.05, which is about one
order of magnitude smaller than 1/g2. Now we are ready to study the relations between
δpH and other coefficients.
In Figure 1 we present some examples on the behavior of the δpH/g2 as function of
the aH ≡ ω2/αH , corresponding to p = 0, p = 0.5, p = 0.75 and p = 1. For the case of
p = 0, the second term on the right-hand side of (3.9) vanishes, thus the degeneracy n
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Figure 2. Behavior of the δpH/g2 as function of p when aH = 0.
does not affect the value of δpH . For any positive integer n, the formula of δpH stays the
same, and it decreases when the aH ≡ ω2/αH grows, which corresponds to the decreasing
temperature, and thus agrees with the intuitive expectation. For the case of p = 0.5, from
bottom to top the solid lines correspond to n = 1, n = 2, n = 3, n = 10, and the dashed
line corresponds to n→∞. As aH → 0, we can have the δpH/g2 reads
δpH/g
2 = 0.126
(
1− p− p
n
)
(3.13)
For p = 0.5 and n = 1, δpH/g2 = 0. When aH increases, δpH/g2 becomes negative, which
indicates the two-level system can not absorb heat from the quantum field vacuum. When
n becomes larger, δpH/g2 is positive again, and it is bounded from above for the n→∞.
Similarly, for the case of p = 0.75, the n = 1 and n = 2 cases are always negative. For
n = 3 and a = 0, δpH/g2 = 0. We can have positive δpH/g2 only for n ≥ 4. For the case
of p = 1, the vacuum state is empty, thus we can never have the positive δpH/g2.
In Figure 2 we present the behavior of the δpH/g2 as function of p when a = 0, which
corresponds to divergent temperature. From bottom to top the lines correspond to n = 1,
n = 2, n = 3, n = 10 and n → ∞. They all share the same value at p = 0. When p
increases, the δpH/g2 decreases, and the lines with smaller n always decrease faster. For
the case of n = 1, the δpH/g2 becomes negative when p > 0.5. For general n, we know
from (3.13) that δpH/g2 remains positive if and only if
p <
n
n+ 1
. (3.14)
A larger n “dilutes” the vacuum state in the Hilbert space, thus it can produce a larger
amount of work and expands the range of p which predicts the positive δpH/g2.
Similarly, we can also study the population change of the density matrix in step 4,
where the acceleration αC is lower and the excited energy ω1 is smaller. Using the same
methods, we can have the δpC reads
δpC = g
2
(
(1− p)J
(
− ω1
αC
, 2αCτC
)
− p
n
J
(
ω1
αC
, 2αCτC
))
. (3.15)
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To order to make a closed Otto cycle, we must have
δpH + δpC = 0, (3.16)
which serves as a constrained condition for the coefficients and can be used to find the
initial population of the excited state p. If we define
P (aH , aC , v) = 4
(aH + aC) artanh(v)
(J (−aH , 2 artanh(v)) + J (−aC , 2 artanh(v)))
(3.17)
where aC ≡ ω1αC , then the p reads
p =
nP
(n+ 1)P + 1 . (3.18)
We can also find that the p must satisfy
p <
n
n+ 1
. (3.19)
4 Summary
In this work we investigate the Unruh quantum Otto heat engine with level degeneracy.
We consider an effectively two-level system such that the ground state is non-degenerate,
and the excited state is n-fold degenerate. This two-level system can act as the working
substance in a quantum heat engine, and the vacuum of the massless free scalar field
serves as a thermal bath via the Unruh effect. During the isochoric steps, the system is
linearly coupled with the quantum vacuum and undergoes higher and lower acceleration,
thus changing the population of the density matrix. During the adiabatic steps, the excited
energy level is expanded and reduced, while keeping the density matrix unchanged. We
explicitly calculate the heat and work at each step of the cycle and study the features of the
engine. We can find the efficiency of the heat engine depends only on the excited energy
value of the two-level system, not on its level degeneracy. However, when the n is larger,
the extractable work becomes larger, thus the degeneracy indeed act as a thermodynamic
resource and help us to extract more work than in the non-degenerate case. This extractable
work has a finite bound, corresponding to n→∞. The larger n also expands the range of
the coefficient that can predict the positive work.
Similar analysis may also be extended to other kinds of heat engines with various
working substance, quantum field theories, kinematic and thermodynamic cycles. It would
be interesting to consider such examples and study their features. Working substance
located in different backgrounds, such as curved space-time with black holes, can also be
investigated. These researches may shed more light on the relations between quantum
thermodynamics and gravity theories. We hope to be able to consider these questions in
our future work.
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